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Abstract
The next-to-leading term in the weight factor of the string representation of the ’t Hooft loop
average defined on the string world-sheet is found in the Abelian Higgs Model near the Londons’
limit. This term emerges due to the finiteness of the coupling constant and, in contrast to the
Londons’ limit, where only the bilocal cumulant in the expansion of the ’t Hooft average survived,
leads to the appearance of the quartic cumulant. Apart from the Londons’ penetration depth
of the vacuum, which was a typical fall-off scale of the bilocal cumulant, the quartic cumulant
depends also on the other characteristic length of the Abelian Higgs Model, the correlation radius
of the Higgs field.
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In a recent paper1, a string representation for the ’t Hooft loop average defined on the string
world-sheet in the Londons’ limit of the Abelian Higgs Model (AHM) has been constructed. This
has been done by virtue of the duality transformation, proposed in Refs. 2 and 3. It has been
also shown that in this limit, the bilocal approximation to the Method of Vacuum Correlators4
is an exact result, so that all the cumulants higher than quadratic one vanish. However, while
in Ref. 1 it has been demonstrated that the Londons’ limit is consistent according to the lattice
data for the string tension and the correlation length of the vacuum in QCD5, it has been argued
in Ref. 4 that in the real QCD vacuum all the higher cumulants are nonzero as well (though the
bilocal cumulant is in fact the dominant one). Therefore it looks natural to obtain a correction
to the weight factor of the string representation of the ’t Hooft loop average, found in Ref. 1,
emerging due to the finiteness of the coupling constant, which must yield the next term in the
cumulant expansion. This is just the problem which will be studied in the present Letter. It is
also worth mentioning, that the finiteness of the coupling constant has already been taken into
account during the derivation of the monopole effective action in the dual Abelian Higgs Model
in Ref. 6.
In order to get a desirable correction to the weight factor of the string representation of the ’t
Hooft loop average, let us expand the radial part of the Higgs wave function, Φ(x) = ϕ(x)eiθ(x), as
ϕ(x) = η + τψ(x), where θ = θsing. + θreg., η stands for the square root of the Higgs field vacuum
expectation value (from now on we shall make use of notations of Refs. 1 and 3), τ ≡ 1
λ
→ 0,
and ψ(x) is an arbitrary quantum fluctuation. Obviously, in what follows we shall keep only the
terms linear in τ . Then the weight factor in the string representation of the ’t Hooft loop average
has the form
〈FN(S)〉 ≡
∫
ϕDϕDAµDθreg. exp
{
−
∫
dx
[
1
4
F 2µν +
τ 2
2
(∂µψ)
2 + 4τη2ψ2+
+η
(
η
2
+ τψ
)
(∂µθ −NeAµ)2 + pi
Ne
εµναβTµνFαβ
]}
,
where
Tµν(x) ≡
∫
S
dσµν(x(ξ))δ(x− x(ξ)) = 1
2pi
εµνρσ∂ρ∂σθ
sing.(x)
is the vorticity tensor current (the last equality is due to Ref. 2), and S is a closed string world-
sheet parametrized by xµ(ξ). The integral
∫ Dxµ(ξ) 〈FN(S)〉 is a constant, which by definition is
called the ’t Hooft loop average defined on the string world sheet, but in what follows, we shall
be interested in the weight factor 〈FN(S)〉 rather than in this constant.
One’s first instinct is to claim that this weight factor is independent of the shape of S, but
depends only on the hypersurface V bounded by S, since one may think that due to the Gauss
theorem, 〈FN(S)〉 is equal to
〈
exp

 4pi
Ne
∫
V
dVµ∂νFνµ

〉 .
However, this is wrong, since the S-dependence is present in 〈FN(S)〉 not only in the last term,
but also in the term ∂µθ
sing., and the naive application of the Gauss theorem is therefore not valid.
2
Let us stress, that while the usual ’t Hooft loop average defined on a fixed closed surface is just
some constant, this is not the case for the weight factor 〈FN(S)〉, since 〈...〉 here means only the
average over all the fields except θsing. (for simplicity, we do not take into account the Jacobian
arising when one passes from the integration over θsing. to the integration over xµ(ξ)). As it was
already mentioned above, in what follows, our main goal will be the search for the irreducible
correlators (cumulants) of the dual field strength tensors. To this end, we shall compare 〈FN(S)〉
expressed via xµ(ξ) with the cumulant expansion of this object. Notice that, if we would, instead of
that, add external monopoles into the theory and consider the usual ’t Hooft loop average defined
on an arbitrary open surface encircled by the monopole ring (which is not a constant any more,
but a functional of this open surface), we would get in the weight factor of its string representation
correlations between surface elements lieing both on this surface and on the string world-sheet.
This would make it difficult to compare this weight factor with its cumulant expansion. Therefore,
we do not consider any external monopoles, and are consequently left with the correlations between
the elements of the unique surface in the system under study, S.
Performing the same duality transformation as the one which has been proposed in Ref. 2 and
applied in Refs. 1 and earlier in 3, we arrive at the following expression for 〈FN(S)〉
〈FN(S)〉 =
∫
Dhµν exp
{∫
dx
[
− 1
12η2
H2µνλ −
(
Ne
2
)2
h2µν +
(
2pi
Ne
)2
T 2µν + 3piihµνTµν
]}
·
·
∫
ϕDϕ exp
{∫
dx
[
−τ
2
2
(∂µψ)
2 − 4τη2ψ2 + τψ
6η3
H2µνλ
]}
, (1)
where Hµνλ = ∂µhνλ + ∂λhµν + ∂νhλµ is a stength tensor of the massive Kalb-Ramond field hµν .
The exponent standing in the first line of Eq. (1) corresponds to the Londons’ limit (it coincides
with the one in Eq. (6) of Ref. 1), while the exponent standing in the second line is the desirable
correction emerging due to the finiteness of λ.
Neglecting the Jacobian, which arises when one passes from the integration over ϕ to the
integration over ψ, and keeping in the expansion of ϕ standing in the preexponent only the first
term, η, it is easy to carry out the Gaussian integral, which stands in the second line of Eq. (1).
The result has the form
exp
[ √ 2
τ
144pi2η5
∫
dxdy
K1
(
2
√
2
τ
η |x− y|
)
|x− y| H
2
µνλ(x)H
2
αβγ(y)
]
, (2)
where from now on Ki’s, i = 0, 1, 2, are the Macdonald functions, and it is worth noting that the
characteristic distance 1
2
√
2λη
, at which the integrand in Eq. (2) vanishes, is exactly the correlation
radius of the Higgs field, 1
mHiggs
. Notice also, that one can see that the 1
λ
-expansion leads already
in its lowest order to the nonlocal action.
In order to get the contribution of the term (2) to the cumulant expansion of 〈FN(S)〉, let
us substitute into Eq. (2) the saddle-point value of the field hµν , following from the exponent
standing in the first line of Eq. (1), i.e. the value of this field corresponding to the Londons’ limit,
which reads
hextr.µν (x) =
3iη
2pi
{
mη
∫
S
dσµν(y)
K1
|x− y|+
3
+
1
Ne
[ ∮
∂S
dyµ(x− y)ν −
∮
∂S
dyν(x− y)µ
]
1
(x− y)2
[
K1
|x− y| +
m
2
(
K0 +K2
)]}
, (3)
where m ≡ Neη is the mass of the Kalb-Ramond field, equal to the mass of the gauge boson
generated by the Higgs mechanism, and the arguments of all the Macdonald functions are the
same, m |x− y|. Since the surface S is closed, the boundary terms, standing in the last line of
Eq. (3), as well as the contribution of the function D1 (m
2x2), given by Eq. (12) of Ref. 1,
to the string effective action vanish. This remark concerning the function D1 means that the
formal manipulations with AHM in the Londons’ limit allow one to obtain both functions D and
D1 which parametrize the bilocal cumulant, but however actually the contribution of only one of
them survives after the integration over the closed surface.
Substituting Eq. (3) into Eq. (2), we get the following contribution of the quartic cumulant
of the dual field strength tensors to the weight factor 〈FN(S)〉
exp
[
1
4!
(
2pi
Ne
)4 ∫
S
dσνλ(x
′)dσρµ(x
′′)dσβγ(y
′)dσσα(y
′′)
〈〈
F˜νλ(x
′)F˜ρµ(x
′′)F˜βγ(y
′)F˜σα(y
′′)
〉〉]
,
where the cumulant itself reads as follows
〈〈
F˜νλ(x
′)F˜ρµ(x
′′)F˜βγ(y
′)F˜σα(y
′′)
〉〉
=
243
√
2
512pi10
√
λ (Ne)8 η7δρνδσβ ·
·
∫
dxdy
[
4(y′ − y)α(y′′ − y)γ
(
(x′ − x)µ(x′′ − x)λ − δµλ(x′ − x)ζ(x′′ − x)ζ
)
+
+δµλδαγ(x
′ − x)ζ(x′′ − x)ζ(y′ − y)χ(y′′ − y)χ
]
K1 (mHiggs |x− y|)
|x− y| ·
·f (|x′ − x|) f (|x′′ − x|) f (|y′ − y|) f (|y′′ − y|) (5)
with
f (|x|) ≡ 1
x2
[
K1 (m |x|)
|x| +
m
2
(
K0 (m |x|) +K2 (m |x|)
)]
. (6)
Eqs. (5) and (6), which yield the value of the quartic cumulant, are the main result of the
present Letter. We would like to stress once more that besides the gauge boson mass m, in Eq.
(5) there appeared also the other mass parameter of AHM, the Higgs mass mHiggs. It is also worth
mentioning, that the threelocal cumulant occured to be equal to zero, which according to Ref. 7
should presumably imply that all the odd terms in the cumulant expansion of 〈FN(S)〉 vanish.
In conclusion, we have proved the conjecture, which has been put forward in Ref. 1, that the
bilocal approximation to the Method of Vacuum Correlators is exact only in the Londons’ limit of
AHM, whereas accounting for the finiteness of λ leads to the appearance of the higher cumulants.
It would be interesting to study the contributions of the cumulant (5),(6) to the string tension of
the Nambu-Goto term and to the bare coupling constant of the rigidity rerm, which will be the
topic of the next publication.
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